We develop a homogenization technique based on electromagnetic energy averaging that is suitable for waveguide-based metamaterials. We first derive general homogenization formulations using Maxwell's equations and the Poynting theorem, and then apply the technique to a common waveguide-based metamaterial implementation consisting of layered media, yielding simple expressions for the effective permittivity and effective permeability of the waveguide based on energy-density-weighted averages of the local permittivity of the layers. Examples are presented in which we evaluate the effective parameters of ultrathin metal-clad waveguides sustaining a single surface-plasmon polariton mode, using realistic material parameters and geometries that have been recently explored in the literature.
I. INTRODUCTION
Over four decades ago, Veselago 1 studied a theoretical left-handed medium having real parts of its complex relative permittivity and its complex relative permeability μ that are negative, yielding a real part of its complex refractive index n that is also negative. An electromagnetic plane wave in such a material would propagate with opposing phase and group velocities due to antiparallel alignment of its wave vector and Poynting vector. Counter-intuitive electromagnetic properties predicted to arise from such a left-handed medium include negative refraction, a reversed Cherenkov effect, a reversed Doppler effect, and negative radiation pressure.
The demonstration of negative refraction from an array of discrete, millimeter-scale, metallic resonators 2 introduced the possibility of engineering composite structures, called metamaterials, that possess rare electromagnetic properties such as those described by Veselago. 1 The concept of a metamaterial rests on two tenets; first, a composite of sufficiently fine heterogeneity can be described by a set of effective parameters analogous to those used to describe a bulk homogeneous medium 3 (namely, permittivity, permeability, refractive index, and impedance), and second, these effective parameters, once attained, take on exotic values that are not readily achieved in naturally occurring materials. Implementations of metamaterials to date have ranged from arrays of inclusions having shape-defined electric and magnetic resonances to monomode metal-clad waveguides sustaining a single mode having a negative phase velocity. 4 Critical to the study of these metamaterials are homogenization methodologies to extract their effective parameters.
Arguably the most widely used homogenization method is the S-parameter retrieval method, 5, 6 which links the effective parameters of a composite with its Fresnel coefficients. Inversion of the Fresnel coefficients, measured or calculated for normal-incidence illumination of a composite of finite thickness, yields values of the effective refractive index n eff and effective impedance Z eff , which can then be used to obtain the effective permittivity eff = n eff /Z eff and effective permeability μ eff = n eff Z eff . Wide adoption of the S-parameter retrieval technique is due to its compatibility with experimentally accessible quantities and applicability to metamaterial implementations based either on arrays of inclusions or waveguides. The technique must be applied with care, however, because it does not account for the composite microstructure, assuming only that the heterogeneity scale of the microstructure is sufficiently small to permit description by effective parameters, and inversion of the Fresnel coefficients does not generally yield unique solutions.
A bottom-up approach to homogenization has been introduced based on averaging the local electromagnetic fields generated by the microstructure of a composite in response to external fields. 7 The averaged fields are folded into an effective permittivity eff and an effective permeability μ eff , which can then be used to obtain an effective refractive index n eff = ± eff μ eff and an effective impedance Z eff = ± μ eff / eff . For cases in which the microstructure consists of an array of inclusions, the electromagnetic response of the inclusions can be obtained by analytic polarizability expressions for the inclusions, 7 numerical calculations of the microscopic fields of the modes supported by the inclusions, 3 modeling of the inclusions as a collection of dipoles 8 or polarizable sheets, 9, 10 and simulation of the microscopic fields generated by the inclusions due to externally applied fields or current densities. [11] [12] [13] For cases in which the microstructure consists of a monomode metal-clad waveguide supporting a single mode, the electromagnetic response of the waveguide structure corresponds to the electromagnetic properties of the mode. 14 The effective parameters eff and μ eff of the mode can be calculated by averaging the field distribution of the mode 15 and then checked for consistency with Maxwell's equations by ensuring that the effective refractive index n eff = ± eff μ eff matches the modal refractive index n m .
One limitation of homogenization by field averaging is susceptibility to null results, especially when the local fields change sign in the region over which field averaging is performed. For example, the antisymmetric SPP mode sustained in a symmetric three-layered metal-dielectric-metal waveguide has a magnetic field distribution that is perfectly odd about the center of the waveguide. [16] [17] [18] [19] Averaging the magnetic field over the cross section of the waveguide yields a zero quantity, which can be avoided by altering the limits of integration (in Ref. 15 , the magnetic and electric fields were integrated over half of the waveguide cross section instead of the entire cross section). This, however, restricts the universality of the approach and generates effective parameters that are not unique.
The aim of this work is to introduce a new homogenization method based on averaging the local energy density of an electromagnetic wave propagating in a waveguide. Energy densities are naturally more amenable to averaging than field quantities because energy densities are scalar and always positive. We formulate this homogenization approach starting with Maxwell's equations applied to a general case of an spatially inhomogeneous electromagnetic wave propagating in a waveguide defined by a local complex permittivity that varies in an arbitrary manner along one dimension. Invoking the Poynting theorem, we obtain homogenization expressions that relate the power flow of the wave to the energy density in terms of eff and μ eff , which in turn yield an effective refractive index n eff that matches n m under general conditions. We next apply this technique to a planar, layered waveguide geometry, a widely used metamaterial configuration, and formulate simple expressions for eff and μ eff for any mode sustained by the waveguide in terms of energy-weighted averages of the local permittivity of the waveguide. A series of test cases are studied in which effective parameters are evaluated for monomode metal-clad waveguides, using geometries and material configurations that have been recently studied in the literature. The effective parameters are evaluated over frequency intervals in which the waveguides sustain a single mode possessing either a positive or negative phase velocity. A mode with a positive phase velocity is characterized by real parts of eff and μ eff that are positive, whereas a mode with a negative phase velocity is characterized, for the most part, by real parts of eff and μ eff that are negative, consistent with the properties of a left-handed medium.
II. FORMULATION OF THE HOMOGENIZATION APPROACH
We adopt a homogenization approach based on reformulation of Maxwell's equations applied to an inhomogeneous electromagnetic wave propagating in a waveguide. The waveguide is described, in general terms, as a nonmagnetic (μ r = 1), nonuniform medium having a relative permittivity r (x) that varies in an arbitrary manner along the x axis. We consider the case of wave propagation along the z direction parallel to the axis of the waveguide and orthogonal to the direction of nonuniformity, with a magnetic field aligned along the y direction. General expressions for the magnetic field and electric field are given by
and
respectively, where H y , E x , and E z are the instantaneous real field amplitudes. Complex magnetic-and electric-field vectors H and E are expressed by writing Eqs. (1) and (2) in timeharmonic form:
where ω is the frequency. Given spatially harmonic propagation described by the complex wave vector β, the z dependence of the complex field vectors can be explicitly expressed as
where H y (x), E x (x), and E z (x) are the complex field amplitudes.
The application of the Ampere-Maxwell law and Faraday's law to the general expressions for the inhomogeneous electromagnetic wave given in Eqs. (5) and (6) yields
respectively. The complex wave vector β can be related to a modal refractive index defined by
where k 0 is the wave vector of a free-space plane wave. The electromagnetic fields are related to the power flux by the complex Poynting vector
where S x and S z are the complex power flux amplitudes. The real part of Eq. (10) is the time-averaged power flux of the wave. Taking the divergence of Eq. (10) and invoking the Ampere-Maxwell law as written in Eq. (7) and Faraday's law as written in Eq. (8), we obtain relations between the power flux and the energy density given by
where W m is the component of the energy density associated with the magnetic field and W e is the component of the energy density associated with the electric field. We next reformulate the field relation given by Eq. (7) into a complementary energy density relation. Given the fields defined in Eqs. (5) and (6), we develop Eq. (7) to obtain
Multiplying both sides of Eq. (17) by μ 0 H * y /2 and using the relation 0 μ 0 = 1/c 2 , we get
which relates the local magnetic energy density of the wave to the power flux in the direction of propagation. To homogenize Eq. (18) over the nonuniform cross section of the waveguide, we integrate both sides with respect to x to obtain
Multiplying and dividing the right-hand side of Eq. (19) by
Equation (20) can be re-expressed as
where the magnetic energy per unit area,W m , the forward power flux per unit length,S z , and the effective permittivity eff are defined, respectively, bỹ
Note that in this formulation, the effective permittivity is obtained by integration of the local permittivity, weighted by the forward power flux, over the entire cross section of the waveguide, in contrast to the effective permittivity proposed in Ref. 15 based on integration of the local permittivity, weighted by the electric field, over half the cross-section of the waveguide. Rearranging Eq. (21) and using the relation ω/c = k 0 yields compact relations given bỹ
where v e = n m c/ eff is the effective velocity of the magnetic energy of the wave per unit area along the propagation direction, expressed in terms of the effective permittivity defined in Eq. (24). We use a similar procedure to re-formulate the field relation given by Eq. (8) into its complementary energy density relation. Given the field polarization defined in Eqs. (5) and (6), Eq. (8) can be written as
Multiplying both sides of Eq. (28) by H * y /2, we get
Integrating both sides of Eq. (28) over the direction of nonuniformity yields
Substituting in the quantitiesW m andS z defined, respectively, in Eqs. (22) and (23), into Eq. (30), we obtain
Equation (31) can be expressed as the compact relation
where the complex quantity μ eff is defined by
Rearranging Eq. (31), we obtaiñ
where v e = cμ eff /n m is again the effective velocity of the magnetic energy per unit area of the wave along the propagation direction, but now expressed in terms of the effective permeability defined in Eq. (33). Thus, we have recasted the Ampere-Maxwell law and Faraday's law, applied to an inhomogeneous electromagnetic wave propagating in a waveguide, into homogenized equations relating the magnetic energy per unit area of the wave to its forward power flow per unit length, scaled by an effective velocity that can be written in terms of either eff or μ eff . The resulting effective medium, characterized by homogeneous parameters eff and μ eff , can sustain electromagnetic plane waves with a complex effective refractive index n eff = ± μ eff eff (38) and an effective impedance
where only one of the signs in Eqs. (38) and (39) satisfies local conservation of energy in a passive medium. 20 In Appendix A, we show that this is achieved when the imaginary part of the refractive index and the real part of the impedance are both positive.
We check for consistency between the effective refractive index n eff and the modal refractive index n m of the inhomogeneous wave by equating the two expressions for the effective velocity v e obtained from Eqs. 
Equation (40) can be rewritten as
Thus the effective refractive index derived from the homogenization technique is identical to the modal refractive index defined from the complex wave vector of the inhomogeneous wave.
III. HOMOGENIZATION OF ELECTROMAGNETIC MODES IN LAYERED WAVEGUIDES
We next formulate homogenization expressions for an arbitrary electromagnetic mode sustained in a three-layered waveguide described by a piecewise relative permittivity
where 1 , 2 , and 3 are the local complex permittivity values in region 1 (x −a), region 2 (−a < x < a), and region 3 (x a), respectively. We consider an inhomogeneous electromagnetic wave propagating along the +z direction with a magnetic field aligned along the y direction. The complex magnetic field amplitude can be expressed, without loss of generality, as a piecewise function given by 
where A, B, C, and D are complex constants and k 1 , k 2 , and k 3 are the complex attenuation coefficients of the wave along the x axis in their respective regions. In general, the complex attenuation coefficient k i and the local complex permittivity i corresponding to the region i = 1,2,3 are related to the complex wave vector by
Application of the complex field amplitudes described by Eqs. (44)-(46) into the homogenization relation for the complex permittivity given in Eq. (24) yields
where the constantsW 1 ,W 2 , andW 3 are given bỹ
The constants can be re-expressed in terms of the magnetic energy density of the wave as
Similarly, application of the complex field amplitudes described by Eqs. (44)-(46) into the homogenization relation for the complex permeability given in Eq. (33) yields
Using the relation for β given by Eq. (47), Eq. (55) can be rewritten as
Based on eff and μ eff given by Eqs. (48) and (56), respectively, the effective complex refractive index is defined as
which is equivalent to the modal refractive index.
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The homogenization formulas obtained for a three-layered waveguide can be generalized for the case of a waveguide structure consisting of N layers, where each layer is characterized by a local permittivity i where i = 1,2, . . . ,N. Assuming a general form of the electromagnetic field amplitude in the waveguide and then using the homogenization relation for the complex permittivity given by Eq. (24), it can be shown that
whereW i is the integrated magnetic energy density of the electromagnetic wave in the ith layer given bỹ
Similarly, using the homogenization relation for the complex permeability given by Eq. (33), it can be shown that
Thus the effective permittivity of an electromagnetic wave propagating in a layered waveguide system can be determined by an average of the permittivity of the layers, weighted by the magnetic energy density in each of the layers. The effective permeability, in turn, can be self-consistently obtained from the effective permittivity and the modal refractive index.
IV. HOMOGENIZATION OF METAL-CLAD WAVEGUIDES: TEST CASES
We next apply the homogenization formulation to threelayered metal-dielectric-metal (MDM) waveguides. In general, MDM waveguides can sustain a family of modes, polarized either along the transverse-electric or transversemagnetic directions. When the thickness of the dielectric core is subwavelength, all modes sustained by the MDM waveguide are nonpropagative except for the lowest-order fundamental transverse-magnetic mode, known as the surface-plasmon polariton (SPP) mode. Ultrathin MDM waveguides, operating under monomode conditions, possess effective electromagnetic properties derived from those of the SPP mode. Over frequency intervals in which the SPP mode has a negative phase velocity, corresponding to a modal refractive index with a negative real part, it has been shown that the MDM waveguide possesses electromagnetic properties consistent with those of a left-handed medium. [16] [17] [18] [19] We apply the new homogenization formulations, introduced in the previous sections, to calculate the effective complex permittivity eff = eff + i eff and effective complex permeability μ eff = μ eff + iμ eff of the SPP mode in a MDM waveguide composed of semi-infinite silver cladding layers surrounding a GaP core. GaP is assumed to have a real relative permittivity 2 = 3.5 2 , and silver is assumed to have a complex relative permittivity 1 = 3 = m modeled by a polynomial fit to empirical data by Johnson and Christy. 21 The layers are stacked along the x direction and are infinite along the y and z directions. The dielectric core thickness is set to w = 10 nm, well within the metamaterial limit k 0 w 1 and, as shown in the literature, sufficiently thin to permit SPP modes with negative phase velocity over portions of the visible wavelength range 400 < λ 0 < 850 nm. A permittivity profile of the MDM waveguide is shown in Fig. 1(a) , where m is evaluated at a central visible wavelength λ 0 = 500 nm.
We first determine the complex wave vector, β = β + iβ , of the SPP mode sustained by the Ag-GaP-Ag waveguide.
Starting with the general description of the field amplitudes given by Eqs. (44)- (46), we apply continuity of the tangential electric and magnetic field components at the boundaries of the waveguide to determine an eigenvalue equation relating β and ω. The eigenvalue equation is solved using the Davidenko method with an iterative solving scheme. 22 In general, the sign of the eigenvalue solutions β are indeterminate and must be selected to satisfy conservation of energy via β 0. 23 As shown in Fig. 1(b) , the SPP mode sustained by the Ag-GaP-Ag waveguide has two branches: a negative branch lying in the negative β quadrant of the dispersion relation (corresponding to a mode with a negative phase velocity) and a positive branch lying in the positive β quadrant (corresponding to a mode with a positive phase velocity). Both branches have an inflection point located at the surface plasmon resonance frequency ω sp 5.7 × 10 14 Hz where the slopes of the branches change sign. At a given frequency, only one of the two branches of the SPP mode corresponds to a sustainable, propagating electromagnetic wave. We use the figure of merit (FOM), given by 125101-7 as a unitless metric for the relative performance of the two branches of the SPP mode, where a higher FOM indicates a greater number of cycles over which the mode propagates. It is shown in Fig. 1(c) that the positive branch is dominant for ω < ω sp , whereas the negative branch is dominant for ω > ω sp . This observation is consistent with a general requirement that the waveguide only sustains branches of the SPP mode with a positive slope in the dispersion curve or, in other words, a positive group velocity. In this case, a positive group velocity is achieved by the positive branch at frequencies below ω sp and by the negative branch at frequencies above ω sp . We can further distinguish the two branches by their complex magnetic field amplitudes H y = H y + iH y , calculated by substituting values of β into Eq. (44). As shown in Figs. 2(a) and 2(b) , the positive branch of the SPP mode has a magnetic field profile that is symmetric about the axis of the waveguide (hence labeled "s-SPP"), whereas the negative branch has a profile that is antisymmetric (hence labeled "a-SPP").
We calculate the effective parameters of the monomode AgGaP-Ag waveguide over frequency intervals in which either the positive or negative branch of the SPP mode is dominant. At lower frequencies range below ω sp where the positive branch of the SPP mode is dominant (see Fig. 3 ), the effective parameters eff and μ eff are simultaneously positive, with a corresponding effective refractive index n eff that has an always positive real part and exactly matches the modal refractive index n m obtained from β. At higher frequencies above ω sp where the negative branch of the SPP mode is dominant (see Fig. 4 ), both eff and μ eff are simultaneously negative, with a resulting n eff that has a negative real part-a hallmark of a left-handed medium. Again, the effective refractive index derived from the energy-weighted homogenization formulas matches the modal refractive index. A more complex, but less explored, configuration that has been recently proposed for metamaterial applications is the five-layered, metal-dielectric-metal-dielectric-metal (MD-MDM) waveguide. 24 The waveguide consists of semi-infinite metallic cladding layers with two dielectric cores separated by a central metallic layer, and can be conceptually derived by sandwiching two MDM waveguides on top of each other. Like the MDM waveguide, the MDMDM waveguide can be fashioned so that, over certain frequency intervals, it sustains a single SPP mode having a negative phase velocity. Under these conditions, the MDMDM waveguide is predicted to possess effective electromagnetic properties akin to a left-handed medium. 24 We will consider the representative case of a MDMDM waveguide in which the dielectric is GaP and the metal is silver. The thicknesses of the dielectric cores are w = 10 nm and the thickness of the middle metal layer is t = 5 nm, which are both sufficiently thin to suppress all modes except for the SPP mode. A permittivity profile of the five-layered waveguide is shown in Fig. 5(a) , where m is evaluated at a wavelength λ 0 = 500 nm.
We consider only the branches of the SPP mode lying in the negative β quadrant of the dispersion curve, which potentially give rise to electromagnetic properties that are left handed. In Appendix B, we detail the derivation of the eigenvalue equation governing the existence of transverse-magnetic polarized modes in the five-layered waveguide system. As shown in Fig. 5 , the SPP mode of the Ag-GaP-Ag-GaP-Ag waveguide possesses two branches in the negative β quadrant, each having an inflection point at ω sp where the slope of the branch changes sign. From the FOM curves, both branches are propagative only at higher frequencies above ω sp over which the slopes of their dispersion curves are positive (indicating a positive group velocity). Although the MDMDM waveguide can potentially sustain two SPP modes, the significantly larger FOM of the one of the two branches makes the MDMDM waveguide effectively monomode over this frequency range. We can distinguish and classify the two negative branches by their magnetic field profiles, which are shown in Figs. 6(a) and 6(b). The branch with the larger FOM has a symmetric magnetic field profile (hence labeled "s-SPP"), with peak magnetic field values of equal magnitude and sign at the two inner sidewalls of the waveguide, whereas the branch with the smaller FOM has an antisymmetric magnetic field profile (hence labeled "a-SPP"), with peak magnetic field values of equal magnitude and opposite sign at the outer sidewalls of the waveguide. We calculate the effective parameters corresponding to both negative branches of the SPP mode, over a frequency range above ω sp . As shown in Fig. 7 , the effective parameters eff and μ eff of the antisymmetric SPP mode are simultaneously negative, with a corresponding n eff having an always negative real part. On the other hand, the effective parameters eff and μ eff of the symmetric SPP mode, shown in Fig. 8 , take on either positive or negative values. Above the frequency ω t = 6.4 × 10 14 Hz, both eff and μ eff are negative, and below ω t , they are positive. Despite the variation in the sign of eff and μ eff , the resulting n eff has a real part that is negative throughout the explored frequency range. Interestingly, the MDMDM waveguide studied here can achieve a negative refractive index with eff and μ eff values that are either simultaneously negative (corresponding to a left-handed medium) or simultaneously positive (corresponding to a right-handed medium). It is also noteworthy that the real part of the relative impedance crosses unity below ω t ; at this frequency, impedance matching between the SPP mode and normally incident free-space plane waves should be possible.
V. CONCLUSION
Popular metamaterial homogenization methods based on averaging electromagnetic fields over a subwavelength region of space are susceptible to unphysical results if there is significant field cancellation over the region in which averaging is performed. For example, metamaterials constructed from ultrathin, symmetric MDM waveguides support a single SPP mode that, over certain frequency intervals, possesses a magnetic field profile that is exactly odd about the central axis of the waveguide. Application of field averaging approaches to this SPP mode results in a zero quantity and, thus, indeterminate effective parameters. A more robust, yet hitherto unexplored, approach to homogenization is based on energy averaging. Energy quantities, as opposed to field quantities, are inherently more suitable for averaging over space because they are scalar, always positive, and thus immune to cancellation. In this work, we have developed the concept of homogenization by energy averaging for application to waveguide-based metamaterials. Starting with the most general case of an inhomogeneous wave propagating along an arbitrarily defined waveguide system, we have recast Maxwell's equations into complementary equations that describe the power flow of the wave in terms of the energy density, scaled by an energy velocity that can be related to either an effective permittivity eff or an effective permeability μ eff . Expressions for eff and μ eff have been provided based on averaging either the power flux or the energy density of the wave over the entire waveguide cross section. The effective refractive index n eff has been shown to be equivalent to the modal refractive index n m , indicating consistency between the effective parameters derived by energy averaging and the original parameters describing the inhomogeneous wave. We have applied the general homogenization expressions to the case of a planar, layered waveguide geometry, a widely-used metamaterial configuration, and formulated simple, easy-to-use expressions for eff and μ eff for any mode sustained by the waveguide in terms of energy-weighted averages of the local permittivity of the layers. We apply the homogenization formulas to calculate the effective parameters of metamaterials based on ultrathin metal clad waveguides sustaining only the lowest-order SPP mode, using realistic material parameters and geometries that have been recently explored in the literature, and shown that an SPP mode with a negative phase velocity can arise from an effective electromagnetic response that is left handed. 
where A, B, C, D, E, F , G, and H are complex constants and i and k i are the local complex permittivity and the complex attenuation coefficient along the x axis, respectively, in regions i = 1, 2, 3, 4, and 5. The dispersion relations of the modes sustained by the five-layered system are determined by applying continuity of the complex magnetic field amplitude given in Eq. (B2) and the complex electric field amplitude given in Eq. (B4) at the boundaries of the system located at x = ±a and x = ±l and solving the resulting complex eigenvalue equation 
where the parameters in Eq. (B5) are given in Table I . The eigenvalue equation given in Eq. (B5) is completely general and can be used for any five-layered system characterized by local complex permittivity values 1 = 2 = 3 = 4 = 5 . Solving Eq. (B5) yields complex wave vector values β of the modes in the waveguide, which can then be used to calculate the modal refractive index n m .
